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Predicting Maximum Lift Coefficient for Twisted Wings
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A method is presented that allows one to predict the maximum lift coefficient for a wing from knowledge of wing
geometry and maximum airfoil section lift coefficient. The method applies to wings of arbitrary planform and
includes the effects of twist and sweep. In addition to predicting the section lift distribution for a wing of known
planform with a known twist distribution, the method can be used to predict the twist distribution, which will
produce any desired section lift distribution along the span of an unswept wing of any given planform. The method is
shown to predict the twist distribution required to minimize induced drag and is also used to predict the twist
distribution that maximizes the wing lift coefficient, while keeping the total amount of required twist at a practical

level.
Nomenclature N = number of nonzero terms in the truncated Fourier
A, = Fourier coefficients in the series solution to the series .
lifting-line equation q, = Fqurler coefﬁc1.ents used to evaluate b,
a, = planform contribution to the Fourier coefficients in gf‘ i wing aspect ratio
the series solution to the lifting-line equation VT = wme Fap(jer r;}tlﬁ ; oo
B, = Fourier coefficients in the expansion for f(6) 00 = magnitude of the freestream velocity
b = wingspan Wi = coefficients in the definition for G;
b, = twist contribution to the Fourier coefficients in the W - Fourier coefﬁc;:nts in the expansion for F(6)
series solution to the lifting-line equation < = spanwise coordinate .
Ch. = wing induced drag coefficient o = geometric angle of attack relative to the freestream
Cl‘)’ — coefficients in the definition of F aro = airfoil section zero-lift angle of attack
C] = wing lift C(;efﬁcient ! r = spanwise section circulation distribution
éL = local airfoil section lift coefficient Ok = spanwise increment used in the definition for W,
<L = B . -
Cra = local design airfoil section lift coefficient 86 - (sipanw1se 0 _mglrement between nodes
C, = maximum wing lift coefficient ¢ = dummy varable ) )
c —  maximum airfoil section lift coefficient 0 = change of variables for the spanwise coordinate
Ci“‘“‘ = wing lift slope 0; = value of 6 at node i
¢ “ = airfoil section lift slope Opmax = value of 6 at the wing section that supports the
c b = local airfoil section chord length maximum airfoil section lift coefficient
c = root airfoil section chord length Kp = planform contribution to the induced drag factor
oot —  twist-dependent function of  used to define the KpL = lift-twist contribution to the induced drag factor
normalized twist distribution function Kpo = twist contribution to the induced drag factor
F. value of F at node j Kps = stall factor in the relation for maximum lift
J - .
f = lift-dependent function of 6 used to define the coefficient . . . .
normalized lift distribution function Kra = sweep factor in the relation for maximum lift
fi = value of f at node i coc.:fﬁcwnt . . . .
G, = function of § used to define F(6) Kro = twist factor in the relation for maximum lift
1 .
G = coefficients in the expansion for F; B COGfﬁClentfﬁ )
8k = function of 6 used to define G; ’/C\Al’ K2 B Ztlvzrigrcg}?or(il:\:tep angle
i = value of g, at node j - B . : .
;-gA;- k,n = dummy ifllziex integfj:rs dui = change of variables used in the definition for W;
. = airfoil section lift Q = total twist, geometric plus aerodynamic
M = number of nodes per semispan o = normalized twist distribution function
m, = transition index integer
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In Eq. (1), @ and o, are allowed to vary with the spanwise
coordinate, to account for geometric and aerodynamic twist. For a
given wing design, at a given angle of attack and airspeed, the
planform shape, airfoil section lift slope, geometric angle of attack,
and zero-lift angle of attack are all known functions of spanwise
position. The only unknown in Eq. (1) is T'(z).

An analytical solution to Prandtl’s lifting-line equation can be
obtained in terms of a Fourier sine series. From this solution, the
circulation distribution is given by

I'(6) =2bV,, iA,l sin(n6) )

n=l1
where
0 = cos™'(—2z/b) 3)

and the Fourier coefficients A, must satisfy the relation

N 4b
ZAn [m + Sln(@)] sin(nf) = a() —a,0(0) @)

n=1

From this circulation distribution, the resulting lift and induced drag
coefficients for the finite wing are found to be

C, = nR,\A, ®)

and
00 C2 00
Cp; =R, ; nA2 = TRLA + 7R, ; nA> (6)

Methods for evaluating the Fourier coefficients from Eq. (4) are
varied and well known [3—6]. For a detailed presentation of Prandtl’s
lifting-line theory, see Anderson [7], Bertin [8], Katz and Plotkin [9],
Kuethe and Chow [10], McCormick [11], or Phillips [12].

The classical lifting-line solution expressed in the form of Egs. (2—-
6) is cumbersome for evaluating traditional wing properties for a
wing with geometric and/or aerodynamic twist. This is because the
aerodynamic angle of attack, o — o, is not constant along the span
of the wing, and the Fourier coefficients A, change with the operating
conditions. Because geometric and aerodynamic twist enter into the
lifting-line formulation only as a sum, we need not distinguish
between these two types of twist. Hereafter, the word rwist is used to
indicate a spanwise variation in either the local geometric angle of
attack or the local zero-lift angle of attack. Twist is treated as positive
at those sections having a lower aerodynamic angle of attack than the
root and negative at those sections with a higher aecrodynamic angle
of attack than the root (i.e., washout is defined to be positive twist).

The procedure traditionally used for lifting-line analysis of twisted
wings is based on Egs. (2-6) and requires evaluating separate sets of
the Fourier coefficients A, for more than one angle of attack. Because
the lift coefficient predicted from lifting-line theory is a linear
function of the angle of attack, the wing lift slope and zero-lift angle
of attack for a finite twisted wing can be determined by evaluating
only two sets of the Fourier coefficients A,: one set for each of two
different angles of attack. However, as pointed out by Karamcheti
[6], the induced drag coefficient for a twisted wing is not a linear
function of the lift coefficient squared, as it is for an untwisted wing.
Thus, to obtain the induced drag polar for a twisted wing using this
procedure, several sets of the Fourier coefficients A, must be
determined over a range of angles of attack. Bertin [8] and Kuethe
and Chow [10] present the details of this procedure, together with
example computations.

Glauert [3] authored the first textbook to present a lifting-line
analysis for twisted wings. In this work, he considered only the
rectangular planform with a linear spanwise symmetric variation in
twist. In the 1930s and 1940s, this type of analysis became quite
commonplace (see, for example, Glauert and Gates [13], Amstutz
[14], Anderson [15,16], Datwiler [17], Cohen [18], Falkner [19],
DeYoung and Harper [20], and Stevens [21]). In addition to

modeling a continuous variation in twist along the span of a finite
wing, lifting-line theory has also been used to evaluate the spanwise
lift distribution that results from a step change in aerodynamic angle
of attack, which is caused by the deflection of partial span trailing-
edge flaps and ailerons (Munk [22,23], Glauert [24], Hartshorn [25],
Pearson [26,27], and Pearson and Jones [28]). Because a fairly large
number of terms must be carried to adequately represent the Fourier
expansion of a step function, lifting-line analysis for wings with
deflected flaps and ailerons was extremely laborious before the
development of the digital computer. This labor was amplified by the
fact that the procedure required evaluating a complete set of Fourier
coefficients for each angle of attack and flap deflection angle
investigated.

Recently, a more practical form of the lifting-line solution for
twisted wings has been developed [29-31]. This solution is obtained
by using the simple change of variables

a(6) — apo(8) = (@ = @10) 00 — R(0) (M
where 2 is evaluated at some spanwise reference position
Q= (O{ - OtLO)mot - (0[ - o5L0)ref (8)

and w() is the twist distribution normalized with respect to this same
reference twist

a(0) —agy(0) —

(00— apo)rer —

(O[ — aLO)rool
(a - aLO)rool

w(f) =

(C)]

The normalized twist distribution function is independent of the
angle of attack and varies from 0.0 at the root to 1.0 at the reference
point, which is commonly taken to be the wingtips. Using Eq. (7) in
Eq. (4) gives

2 [CL Lc(0) sm(@):| sin(n6) = (& — 7)o — 20(0)

n=1

10)
The Fourier coefficients A, in Eq. (10) are written as
An = an(a_aLO)rool_an (11)
where the Fourier coefficients a, and b, are obtained from
a, sin(nf) =1 (12)
; [CL «c(0) Sm(e)] 0=

and

2 [CL c(6) sm(@)] sin(n0) = w(6) (13)

n=1

Solutions to Eqs. (12) and (13) are obtained using the same
techniques that are commonly used to obtain solutions to Eq. (4).
However, solutions to Eqs. (12) and (13) are independent of the angle
of attack.

Using Eq. (11) in Eq. (), the lift coefficient for a twisted wing is
given by

CL = ﬂ:RA[al(a - aLO)mot - le] (14)

Similarly, using Eq. (11) in Eq. (6), the induced drag coefficient for a
twisted wing can be expressed as [29]

C%(l +kp) —kpCrLCpLo 2 + Kpo (CLaQ)Z
TR,

Cp; = (15)

where

CpLo =7Rya (16)
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> a
Kp=Y n—s a7
1

KDLzzﬁznﬂ(ﬁ—&) (18)

bl 2 & bn an 2
o= (22) (-2 9

From Egs. (15-19), it has been shown [29] that minimum possible
induced drag always results when the twist distribution is given by

sin(6)
c(0)/ron

and the total amount of twist is related to the lift coefficient,
according to the relation

w®) =1- (20)

_ _KbL CL Q1)

2kpaClLy
When an unswept wing of arbitrary planform has the twist
distribution specified by Eq. (20) and the total amount of twist
adjusted, according to Eq. (21), an unswept wing of any planform
shape can be designed to operate at a given lift coefficient with the
same minimum induced drag as that produced by an untwisted
elliptic wing with the same aspect ratio and lift coefficient. This
optimum spanwise twist distribution produces an elliptic spanwise
lift distribution, which always results in minimum possible induced
drag. For a detailed presentation of this solution to Prandtl’s lifting-
line equation, including several worked example problems, see
Phillips [12].

Maximum Section Lift Coefficient

Because, in general, the local section lift coefficient is not constant
along the span of a finite wing, it is of interest to know the value of the
maximum section lift coefficient and the position along the span at
which this maximum occurs [32-38]. Such knowledge allows us to
predict the onset of wing stall from known airfoil section properties,
including the maximum airfoil section lift coefficient.

From Eq. (2) combined with the vortex lifting law [39], the
spanwise variation in local section lift is given by

L(0) = pV, T(6) = 2bpV2 iA,, sin(nf) (22)

n=1
and the spanwise variation in local section lift coefficient is

- LO) 4 S
CL(Q)ZW_C(G);AnSIH(nQ) (23)

The Fourier coefficients A, in Eq. (23) can be conveniently written
using the change of variables given by Eq. (11). Furthermore, solving
Eq. (14) for the root aerodynamic angle of attack gives

b C
(0 = gl = — @ + = 24)
a TR,a,
Using Eq. (24) in Eq. (11) yields
b
An = ( lan - bn)Q + an CL (25)
a nR,a,

Using this change of variables, Eq. (23) can be written as

sin(n6) 2\ 4a, sin(nb)
b") @b ZnRAal «(8)/b

(26)

- =, (bya,
CL(9)=QZ4(; -
n=1 1

n=1

We see from Eq. (26) that the spanwise variation in local section
lift coefficient can be divided conveniently into two components.
The first term on the right-hand side of Eq. (26) is called the basic
section lift coefficient and the second term is called the additional
section lift coefficient. The basic section lift coefficient is
independent of C; and directly proportional to the total amount of
wing twist. The additional section lift coefficient at any section of the
wing is independent of wing twist and directly proportional to the net
wing lift coefficient.

As can be seen from Eq. (26), the basic section lift coefficient is the
spanwise variation in local section lift coefficient that occurs when
the total net lift developed by the wing is zero. Examination of the
first term on the right-hand side of Eq. (26) reveals that the basic
section lift coefficient depends on all of the Fourier coefficients a,,
and b,,. From Eq. (12), we see that the Fourier coefficients a, depend
only on the wing planform. Equation (13) shows that the Fourier
coefficients b, depend on both the wing planform and w(6). Thus,
the spanwise variation in the basic section lift coefficient depends on
wing planform and wing twist but is independent of the wing angle of
attack.

Examination of the second term on the right-hand side of Eq. (26)
discloses that the additional section lift coefficient depends only on
the wing planform and the Fourier coefficients a,,. From Eq. (12), we
have seen that the a,, coefficients do not depend on wing twist. Thus,
Eq. (26) exposes the important fact that the additional section lift
coefficientis independent of wing twist. Because the basic section lift
coefficient is zero for an untwisted wing, we see that the additional
section lift coefficient is equivalent to the spanwise variation in local
section lift coefficient that would be developed on an untwisted wing
of the same planform operating at the same wing lift coefficient.

Figure 1 shows how the net section lift coefficient and its two
components from Eq. (26) vary along the span of a linearly tapered
wing of aspect ratio 8.0 and taper ratio 0.5. This figure shows the
spanwise variation in section lift coefficient for several values of total
linear twist, with the net wing lift coefficient held constant at 1.0.
Similar results are shown in Fig. 2 for three different values of the net
wing lift coefficient, with the total linear twist held constant at 6 deg.

Notice that the spanwise coordinates of the maximums in both the
basic and additional section lift coefficients do not change with either
the amount of wing twist or the net wing lift coefficient. Because the
additional section lift coefficient is independent of wing twist, the
spanwise position of the aerodynamic center of each wing semispan
is not affected by wing twist. However, the maximum in the net
section lift coefficient moves inboard as the total amount of twist is
increased, and for wings with positive twist (i.e., washout), this

net lift, £2=2, 4, 6, 8, 10, 12°

1.4

additional lift,

independent of 2 _———522=
«v‘ —

1.2

1.0

\

0.8

J

0.6

0.4 basic lift, £2=2, 4,6, 8, 10, 12°
0.2

0.0

Local Section Lift Coefficient

-0.2 R,=8.0,R;=0.5,C, =1.0

-05 -04 -03 -02 -01 00 01 02 03 04 05
z/b
Fig. 1 Spanwise variation in local section lift coefficient as a function of

the total amount of linear twist with the net wing lift coefficient held
constant at C; = 1.0.
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Fig. 2 Spanwise variation in local section lift coefficient as a function of

the net wing lift coefficient with the total amount of linear twist held

constant at 2 = 6deg.

Local Section Lift Coefficient

maximum moves outboard as the wing lift coefficient increases.
Thus, the spanwise position of the center of pressure on each
semispan of a twisted wing varies with both wing twist and angle of
attack.

Combining terms from the basic and additional section lift
coefficients in Eq. (26) and rearranging, we see that the maximum
section lift coefficient occurs at a value of 6 that satisfies the relation

déL_ﬂ N ﬂ-}—blan_albnﬂRAalQ
de - 7TRA =1 a; a% CL
y |:b n cos(n@)c(@)cz—(es)in(nG) de/ dG] _o 7)

In view of Eq. (16), the spanwise location of the airfoil section that
supports the largest section lift coefficient is found to be a root of the
equation

(ot

X [n cos(nf

ba, —ab, CLQQ)
a C

(9)

sin(nt)

d(c/b):| _o 28)

In the most general case, this root must be found numerically.

After finding the root of Eq. (28) to obtain the value of 6, which
corresponds to the airfoil section that supports the maximum section
lift coefficient, this value of 6 can be used in Eq. (26) to determine the
maximum section lift coefficient for the wing at the specified
operating condition. Dividing Eq. (26) by the net wing lift coefficient
and applying Eq. (16), the ratio of the local section lift coefficient to
the total lift coefficient for the wing can be written as

CL ©®__ 4 [i sin(n6)

C. nRAc(G)
Q —
+Cra Zb 14n zalb"sin(nO)] (29)
CL n=2 ai

Examination of Eqgs. (28) and (29) reveals that, for 2 = 0, these
equations are independent of the net wing lift coefficient. This means
that, for an untwisted wing of any planform, the ratio of the maximum
section lift coefficient to the total wing lift coefficient and the position
along the span at which this maximum occurs are independent of
operating conditions and functions of the wing planform only.
Figure 3 shows how the ratio of total wing lift coefficient to
maximum section lift coefficient varies with aspect ratio and taper
ratio for untwisted wings with linear taper.

The spanwise coordinate of the maximum section lift coefficient
for such untwisted wings is presented in Fig. 4 as a function of aspect

0.95

Lumax
0.90
0.85
0.0 0.2 0.4 0.6 0.8 1.0
Taper Ratio

Fig. 3 Maximum lift coefficient for tapered wings with no sweep or
twist.
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Fig. 4 Spanwise location of maximum section lift coefficient for tapered
wings with no sweep or twist.

ratio and taper ratio. Notice that the spanwise coordinate of the airfoil
section that supports the maximum section lift coefficient is quite
insensitive to the aspect ratio and nearly a linear function of taper
ratio.

For elliptic wings with washout, the maximum section lift
coefficient always occurs at the wing root, 8 = 7r/2; the wing section
chord length is given by ¢(0) = [4b/ (7R ,)] sin(6); and the planform
Fourier coefficients are a; = Cp,/(mRs, + C.,) and a, =0 for
n > 1. Using these results in Eq. (29) yields

Cp o2 Cc,.0C
Clyn =14 kg2 =1 kg et e (30)
L L Lo CL
where
7R, +C o
Kro —#; —b, sin(nm/2)
TR, + Cp oy & .
= AT LEN (1)t by, 31
CL,oz i=1
Equation (30) is readily rearranged to give
c Cr .2
B Rt Xl | (32)

L,
max Linax

Because kg is independent of both €2 and C;. for elliptic wings with
washout, the ratio C; /C;,_ is alinear function of C; ,$2/ C, .For

max

elliptic wings with linear tw1st the coefficients b, are given by
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Fig. 5 Effect of wing twist on ko for elliptic and rectangular wings.

p =L (#) ASNOTD  nt2 g
" Ry +nC.,/ | 0, n=2
Using Eq. (33) in Eq. (31) gives the twist factor that can be used in

Eq. (32) to estimate the maximum lift coefficient for elliptic wings
with linear washout:

R, + C’L.a ) (34)

E; Qi+1)2—4 (nRA + Qi+ 1)Cpy,

For a detailed development of Eq. (33), see Phillips [29]. Results
predicted from Eq. (34) for elliptic wings with linear washout are
shown in Fig. 5 as a function of aspect ratio.

For rectangular wings with washout, the maximum section lift
coefficient also occurs at the wing root, 6 = /2, and the chord
lengthis given by c(6) = b/R,. Using these results in Eq. (29) yields

C Q
= ( Co ) (1 kg e ) (35)
CLy Cr.../ 2=0 Cp,..
where
Cr ) T / [ S ~azi+1]
= =— 1+ ) (-1)— (36)
(CLW o= 4 ; @
and

1“21+1 - a1b21+] 37

Kro = —Z(

Here again, «; o is independent of both 2 and C;, and the ratio of
wing lift coefficient to maximum section lift coefficient is a linear
function of C; ,2/ c L., - Figure 5 shows how k¢, varies with aspect
ratio for rectangular wings with both linear and elliptic washout.

Equations (32) and (35) are identical, because for elliptic wings,
(c,/C L...Ja=o = 1. Equation (35) is readily rearranged to obtain the
net wing lift coefficient as a function of the maximum airfoil section
lift coefficient and the wing twist. This gives

C -
C, = ( L ) (CL,,,ax —k10Crq82) (38)
Q=0

Linax
Equation (38) can be used in combination with the results plotted in
Figs. 3 and 5 to estimate the wing lift coefficient at the onset of airfoil
section stall. For example, consider a rectangular wing of aspect ratio
8.0 with 4.0 deg (0.0698 rad) of linear washout and a maximum
airfoil section lift coefficient of 1.6. For this wing geometry,
CpLo=4.838,(C./C; )o_oy=0.888, k; o = 0.321, and

max

C, = ( o ) (C. —k10Cp o) = 0.888(1.6 — 0.321
Q=0

Linax

x 4.838 x 0.0698) = 1.325

As was seen in Figs. 1 and 2, for wings of arbitrary planform, the
maximum section lift coefficient does not necessarily occur at the
root. In general, from Eq. (29), we have

CL |:77:RA C(Gmax) / = a, . :|
— = —=sin(n6y,,
C, 4b ; a ( )

max

X[I—CL’QQ 4b ad blan_alb

£ = sin(n6, )]
CLmax 7TRAC(emax) n=2 a% "

(39

where 6,,,, is the value of 6 at the wing section that supports the
maximum airfoil section lift coefficient, as obtained from the root of
Eq. (28). For an arbitrary planform, Eq. (39) is not always linear in
Cra2/ o) Lo Decause, in general, 6,,,, depends on C;,R/C;.
However, we can still define the wing parameter ;o to satisfy
Eq. (35), but, in general, this parameter will vary with C; ,Q/ C Lo
as well as with the wing planform. The results plotted in Figs. 6 and 7
show how «; g varies with C; ,Q/ C Loy TOT Wings with linear taper
and linear washout. Notice that ;¢ is independent of C; ,Q2/ C L
only for a taper ratio of 1.0.

Equation (38) can be used in combination with the results plotted
in Figs. 3, 6, and 7 to estimate the wing lift coefficient at the onset of
airfoil section stall for tapered wings with linear washout. For
example, consider a tapered wing of aspect ratio 8.0 and taper ratio
0.5 with 4.0 deg of linear washout and a maximum airfoil section lift
coefficient of 1.6. For this geometry, C; , =4.964, (CL/C’LW)Q:O:
0.943, and CL_‘,,Q/C‘LW = 0.217, which yields «; = 0.034. Using

max

R
R,=1.0

0.2 - 1

= 08 4
Ko /
I 0.6

Ko
0.6
0.0 ://‘15/’/=
3 0.4 1
o2 E 0.3 R=4 ]
P B S S S
0.0 0.1 0.2 0.3 0.4 0.5
CLa‘Q/Can

Fig. 6 Effect of twist and taper ratio on ;o for wings with linear taper
and linear washout.
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Fig. 7 Effect of twist and aspect ratio on « ; o for wings with linear taper
and linear washout.

these values in Eq. (38), the total wing lift coefficient at the onset of
airfoil section stall is found to be

C, = ( Cu ) (Cp. —k1aCpLaR) =0.943(1.6 — 0.034
Q=0

Limax

x 4.964 x 0.0698) = 1.498

Plotting results such as those shown in Figs. 6 and 7 is easily
accomplished by using the unknown parameter C; ,Q/C; as the
independent variable. From a specified value of C; ,Q/C;, the
spanwise location 6, of the airfoil section that supports the
maximum section lift coefficient is found from the root of Eq. (28).
This value for 6, is then used in Eq. (29) to evaluate C; / C,
Similarly, the ratio (CL/C'LW)Q:O is obtained by using C; ,Q/C, =
0. With the ratios C, / C‘me and (C,/ C‘me)9=0 known, the value of
the dependent variable C; ,Q2/ C L 18 Obtained from the relation

max

CL,D(Q _CL,aQ CL (40)
. ¢,

Limax max

and kg is evaluated by rearranging Eq. (35):

C CL CLoS2
=|1—= - = 41
e |: CL /(CL )Q:O]/ CL ( )

‘max max ‘max

The dependent variable obtained from Eq. (41) can be plotted against
the dependent variable obtained from Eq. (40) to produce results
similar to Figs. 6 and 7 for any spanwise variation in section chord
length and wing twist.

For the special case of an unswept wing with the twist optimized to
produce minimum induced drag, the twist distribution function is
given by Eq. (20) and the total amount of twist is given by Eq. (21).
For wings twisted in this manner, the twist is maintained in
proportion to the lift coefficient, according to the relation

1.0 T T T T

0.8

0.2

0.0 0.2 0.4 0.6 0.8
Taper Ratio

Fig. 8 Maximum lift coefficient for unswept wings with linear taper
and the twist optimized to produce minimum induced drag.

=
=

kp Cp, _ kpp Cp

= = (42)
2kpaCre 2kpamRja;

where «p; and kpg are evaluated from Egs. (18) and (19),
respectively. Using Eq. (42) in Eq. (25) gives

KpL blan_albn)c (43)
L

a
A, = z
" (TI'RA(I| 2kpg  TRua3

Maintaining this optimum proportionality between wing twist and
lift coefficient results in A, =0 for n > 1. Thus, for such twist-
optimized wings, using Eq. (43) in Eq. (23) results in

. 4b 4bsin(8
C1(0) =~ Aysin(6) = C sin(9)

© L 2Ry c(6) @9

The maximum in this section lift distribution is obtained from

dC, _ o 4 [005(9)0(9)—sin(6') de/ d@} 0

R c*(0)

or
cos(6)c(6) = sin(0 45

For the special case of wings with linear taper,

2b

«®= R4(1 + Ry)

[1=(1 =Ry)|cosb|] (46)
Using Eq. (46) in Egs. (44) and (45), we find that, for unswept wings
with linear taper and the twist optimized to produce minimum
induced drag, the ratio of the total wing lift coefficient to the

maximum section lift coefficient is independent of operating
conditions and given by

Co 7 Sin(Opay)

C, ~ 2(1+Ry) @7

‘max

where
gmax = 00371 (1 - RT) (48)

Results obtained from Egs. (47) and (48) are plotted in Fig. 8.

Effect of Wing Sweep

When Eq. (38) and Figs. 3-7 are used to estimate the wing lift
coefficient that corresponds to a given maximum airfoil section lift
coefficient, the result applies only to wings without sweep. As a
lifting wing of any planform is swept back, the lift near the root of
each semispan is reduced as a result of the downwash induced by the
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Fig. 9 Sweep coefficient « ,; to be used in Eq. (50) for wings with linear
taper.
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Fig. 10 Sweep coefficient « , , to be used in Eq. (50) for wings with linear
taper.

bound vorticity generated on the opposite semispan. This tends to
move the point of maximum section lift outboard. For wings with
significant taper, this outboard shift causes the point of maximum
section lift to occur at an airfoil section having a smaller section chord
length, which increases the maximum airfoil section lift coefficient
that is produced for a given wing lift coefficient.

To account for this effect of wing sweep, results predicted from
Eq. (38) can be multiplied by a sweep correction factor, according to
the relation

C .
CL= (C‘ . ){H"LA (Cp,.. — ¥12CroS2) (49)

Linax” A=0

where the sweep correction factor «; , depends on the quarter-chord
sweep angle and wing planform. Because the series solution to
Prandtl’s lifting-line equation applies only to unswept wings, a
numerical solution is required to evaluate «; . For wings with linear
taper, results obtained from the numerical lifting-line method of
Phillips and Snyder [40] correlate well with the approximation

Kia = 1 +KA1A _KA2A1'2 (50)

where A is in radians and the coefficients x,; and k,, depend on
aspect ratio and taper ratio, as shown in Figs. 9 and 10, respectively.

The approximate correlation for «; , , which is given by Eq. (50),
agrees closely with results obtained from numerical lifting-line
computations for sweepback angles less than about 35 deg, taper
ratios between 0.25 and 1.0, and aspect ratios between about 4.0 and
20. For example, Fig. 11 shows this comparison for four different
wing planforms that all have an aspect ratio of 8. Figure 12 shows
lifting-line predictions for the spanwise coordinate of the wing
section that supports the maximum airfoil section lift coefficient as a
function of the quarter-chord sweep angle for the same four wing
planforms.

b R=8 1
10 =
09 | .

Kia
08 | .

I —— Eq.(50) 1
07 - @ numerical solution, R =0.25 J

[ o numerical solution, R;=0.50 ]
0.6 - v numerical solution, R, =0.75 ]

[ v numerical solution, R, = 1.00 N
0.57\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\7

<

5 10 15 20 25 30 35 40
Quarter-Chord Sweep, deg

Fig. 11 Comparison between the approximate results for «;,, as

predicted from Eq. (50) and those obtained from numerical lifting-line

computations.
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r00t0.0\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\
0 5 10 15 20 25 30 35 40

Quarter-Chord Sweep, deg

Fig. 12 Spanwise coordinate of the wing section that supports the
maximum airfoil section lift coefficient as predicted from numerical
lifting-line computations.

Maximum Wing Lift Coefficient

The reader should note that using the maximum airfoil section lift
coefficient in Eq. (49) will give an estimate for the wing lift
coefficient at the onset of airfoil section stall. At higher angles of
attack, separated flow will exist over some sections of the wing and
drag will be substantially increased. However, the lift coefficient
predicted from Eq. (49) is not exactly the maximum wing lift
coefficient. Viscous interactions between adjacent sections of the
wing can initiate flow separation at slightly lower angles of attack
than predicted by Eq. (49). Furthermore, as the angle of attack is
increased somewhat beyond that which produces the onset of airfoil
section stall, the section lift coefficient on the stalled section of the
wing will decrease. However, the section lift coefficient on the
unstalled sections of the wing will continue to increase with angle of
attack until the maximum section lift coefficient is also reached on
these sections. Thus, the maximum wing lift coefficient could differ
slightly from that predicted by Eq. (49). To account for these effects,
results predicted from Eq. (49) can be modified by including a stall
correction factor:

KLSKLA(C:Lnm - KLQCL,aQ) (51)

For wings with linear taper and linear twist, results obtained from
computational fluid dynamics (CFD) correlate well with the
approximate relation [41]:

kps =14 (0.0042R, —0.068)(1 +2.3C, ,Q/C, )  (52)

max
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Fig. 13 Comparison between maximum lift coefficients obtained from
grid-resolved CFD solutions and those obtained from Eq. (51).

When the correlation expressed in Eq. (52) is used to estimate the
stall factor, and the result is used in Eq. (51) together with the lifting-
line results presented here, the maximum wing lift coefficient can be
estimated from knowledge of the wing geometry and the maximum
airfoil section lift coefficient. For example, Fig. 13 shows a
comparison between results obtained from Eq. (51) and results
obtained from grid-resolved CFD solutions for 25 different wing
geometries. These wings had aspect ratios ranging from 4 to 20, taper
ratios from 0.5 to 1.0, quarter-chord sweep angles from O to 30 deg,
and linear geometric washout ranging from 0 to 8 deg. For this range
of wing parameters, the ratio C;__/ o) L., varied from about 0.70 to
0.98, with high-aspect-ratio tapered w1ngs producing the highest
values. The lowest values of C; /C,  occurred for low-aspect-
ratio wings with a high degree of washout and/or sweep. In all cases,
Eq. (51) agrees with the results obtained from the CFD solutions to
within about +1%.

Designing a Twist Distribution for a Specified
Lift Distribution

In addition to predicting the section lift coefficient distribution for
awing of known planform and twist distribution, Eq. (26) can also be
used to design a twist distribution for a wing of any planform, which
will produce any desired section lift coefficient distribution. If
C14(0) is the design section lift coefficient distribution that is to be
produced over the span of an unswept wing having the planform
chord length distribution ¢(6), Eq. (26) requires

c (0) Q& \a, sin(nf) < 4a, sin(nb)
& ot ( )c(e)/ﬁzmal c(0)/b

n=1

or

ad ba, Cr 2 C(Q)éLd(e)
2:: RA“1|: @ (—1_bn) CL i|s (o) = bC,

(53)

A Fourier series expansion of any function f(6) can be expressed
over the domain 6 = 0 to 7 as

f(@)—ZB sin(nf) with B, == / £(0) sin(nf) df (54)

n=1

Comparing Eqgs. (53) and (54), we see that

4 a + bya, b Craf2
nR,a, a, Cy

_2 (7 c(§)Cra(8)
=2 A

b, sin(nf) df = ¢, (55)

which requires

4 2 C(Q)CLd(e)
7R, 7w A_O bC, in(6) d9

4

b/2 -
= 0C, / ) c(2)Crq(z)dz = q, (56)
L Jz=—

and

nRAalqn CL blan
b, = - B { 1 57
n ({l,, 4 CLVQQ + a or n > ( )

Equation (56) is satisfied by the definitions of wing lift coefficient
and aspect ratio. Equation (57) relates the Fourier coefficients b,, for
n > 1 to the Fourier coefficients a,,, ¢,,, and b,.

The twist distribution function w(6) is related to the Fourier
coefficients b, through Eq. (13) [29]. Using Eq. (57) in Eq. (13)
yields

4b 1
o) =b [éwc@ T Sin@)

> Rya,q, Cy b,a,
* ;[(an 4 CpoS2 * ay

sin(nf)

}s n(6)

+ @m(@)]

which is easily rearranged as

|: 4b
X -
CL,aC(G)

4b sin(0) _mRya1q,\ C
(9)_b[ Crac®) | ] [( 4 )CMQ
4b sin(6) = _mRya1q,\ Cyp
’ '][émc(e) } Z[( 4 )CQ

sin(n6)

LI |
ai |[Cp4c(0)  sin(d)

In view of Eq. (36), a; — mR4a,q,/4 = 0 and we have

_ & Rya,q, Cy bya,
() = Z[(an 4 ) CLoQ * ap

n=1

4b n .
X [761’&0(8) + sin(@)] sin(n0)

which can be further rearranged to give

[ C B\ 4b n 7.
() = (CMQ * aT) 2_a [éwcw) " sin(e)] sin(s6)

n=1

TR,a,
4 CL,XQ

[cmc(e) sm(e)} sin(nf)

However, the Fourier coefficients a, must satisfy Eq. (12), and the
wing lift slope is given by Eq. (16). Thus, the twist distribution
function can be written as

— L 1 qn o
w(G)_(”RAal ) Z |:CL(XC(0)

] sin(n6) (58)

sin(6)
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The twist distribution function w(6) is defined to be the total twist
distribution, relative to the wing root, divided by the reference twist
2, which is defined to be the twist at some reference position, usually
the wingtips. For a given wing planform, all of the Fourier
coefficients a, and ¢, are known from Eqgs. (12) and (55),
respectively. Thus, the only unknown Fourier coefficient in Eq. (58)
is by. Because the twist is defined relative to the wing root, Eq. (58)
evaluated at the wing root requires

Cp bl) CL qn ( 4b
o(7/)=|——+=+— _—
/D (”RACMQ a Q Z 4 CLac(n/Z)
+ " sin(nm/2) =0
- n =
sin(7/2)
or, after rearranging,

bl CL qn n . C,
Z (CL «C(/2) sm(yr/z)) sin(nr/2) - 7R,a,Q

(59

Selecting the usual convention of defining the reference twist €2 to be
that at the wingtips, Eq. (58) evaluated at the wingtip requires

w(0) =1 (60)

Combining Egs. (58-60) with Eq. (35), we find that the twist
distribution required to produce a specified section lift distribution
across the span of an unswept wing of arbitrary planform is
proportional to the wing lift coefficient and may be expressed as

F(x/2) — F(6)

YO = F @) - FO) ©b
where
= 4b n .
F(G) = ; w, [m + m] sm(n9) (62)
7 c(0)Cra(9) .

w, = 2]1 G_OT ( 9) do (63)

and the total required twist at the wingtips is given by
=[F(/2) = FO)]C, (64)

As asimple example of how Eqs. (61-64) can be applied, consider
the wing twist distribution that produces an elliptic lift distribution,
which results in minimum induced drag. This requires

c(OC® _ 4
T =R, sin(6) (65)

Using Eq. (65) in Eq. (63) yields

0, n#1

Applying Eq. (66) to Eq. (62) and using the result in Eqs. (61) and
(64) gives

—% / " sin(6) sin(n6) df = { @Ry, n=1 o
A J6=0

_ sin(6)
O =1 = e ©7)
and
Q- 4bC;, ©68)

nRA CLaCroot

Equation (67) is identical to Eq. (20), which was presented by
Phillips [29]. Furthermore, it can be shown that Eq. (68) is
numerically equivalent to Eq. (21), also presented by Phillips. For the

special case of wings with linear taper, ¢, = 2b/[R4(1 + R;)] and
Eq. (68) becomes

2(1 +Ry)Cy,

Q= =
ﬂCL,Ot

(69)

which is the relation presented by Phillips et al. [30].

Although the twist distribution for minimum induced drag that is
specified by Eqgs. (67) and (68) was developed analytically from
Eqgs. (61-64), in some cases, it is necessary to evaluate these relations
numerically. To develop a useful numerical method for this purpose,
we first examine a numerical procedure for evaluating the Fourier
coefficients w, from Eq. (63).

For convenience, we will define the function f(6) as

c(0)Cra(6)

16 ===

(70)
If both the wing planform and the design lift distribution are
symmetric about the wing root (6 = 7r/2), the numerical procedure
can be simplified. Using the definition in Eq. (70) and enforcing such
symmetry on Eq. (63) results in

w, =

— |7 £(6)sin(n6) db
27 6=0

n even (7 1)

/ f(0)sin(nf)df, n odd

For numerical evaluation of the integral in Eq. (71), the domain from
0=0 to #=m/2 is divided into M — 1 increments between M
nodes, which are spaced equally in 6, with node 1 at the wingtip
(0 =0) and node M at the root (8 = w/2). The function f(6) is
approximated as being linear over each of these increments, which
gives

f(@) sin(n6) d@

/[f f’“ f’(e 9)]sm(n9)d9 72)

where 86 = /[2(M — 1)], 6, = (i — 1)é6, and f; = f(6;). After
performing the integration and rearranging, we obtain the result

/2
/ f(0) sin(n6) do
6=0
__ [cos(ny) | sin(nb,) — sin(nb,)
= |: n + n*86 }fl
=2 2sin(nb;) — sin(nb;_,) — sin(nb;, )
+2 256 fi

i=2

— 0 in(n6,,) — sin(nf
N cos(n6,,) +sm(n ) 2sm(n 1) fu
n n*s0

(73)

This result can be simplified somewhat by recognizing that 8, = 0
and 6y, = /2. Thus, applying Eqs. (73) to Eq. (71) results in

0, n even
W = { i= l mfw n odd (74)
where
s sin(n@z) _1
B i kin(n6, o -
W, = | 2006 ~sin(n6) = sin(8)
in(n7/2) — sin(n6y,_,)
sm(nimw — M—1 .
=M
n?mwso ’ !
(75)
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Using Eqgs. (74) and (75) in Eq. (62) and truncating the infinite
series to N of the nonzero odd terms, the function F(#) can be
numerically approximated as

M
F(0) =) G(O)f; (76)
i=1
where
N
Gi(6) = Z W,i8:(0) W
k=1
1 _ sin(¢y,) i=1
k- D 8 -
W, = 2sin(¢y;) — Sin(?ki—l) — sin(¢yi41) L l<i<M (18)
k
(=D — Sin((pkM—l), =M
Sk
i = (2k—1)0,; (79)
_(i—-Dnm
== (80)
2k — 1)*n?
8, = (2(1\47—)17)1 @81)
C(ei)éLd(gi)
=0 82
fi bC, (82)
. 4b 2k—17 .
g:(0) = [m + sin(@)] sin[(2k — 1)6] (83)

The reader should notice that evaluating g,(f) from Eq. (83) is
numerically indeterminate at the wingtips (¢ =0 and 6= 7).
However, from I’Hospital’s rule, we have

sin(n6) _ (ncos(nb) _
( sin(6) )9_,0 B ( cos() )a—»o -

si‘n(nG) _ n cos(nb) — (—1)"n

sin(0) /o, cos(0) /)y .x
for any integer value of . Thus, for numerical evaluation of Eq. (77)
at the wing tips, we use

81(0) = g () =

Using Eqs. (76-84) to evaluate F() numerically, the result can be
applied to Egs. (61) and (64) to obtain the twist distribution required
to produce any desired lift distribution on a wing of any given
planform.

and

2k — 1)? (84)

Maximizing Lift with Wing Twist
In the preceding section, Eqs. (61-64) were used to obtain the twist
distribution that results in minimum induced drag. However,
minimizing drag is not necessarily the highest priority in all mission
phases. For example, during takeoff and landing, it can be more
important to maximize the lift coefficient. If the maximum attainable

airfoil section lift coefficient is constant across the span of the wing,
to achieve the absolute maximum in the wing lift coefficient that is
attained before the onset of stall, the section lift coefficient would
need to be uniform over the wingspan. It is mathematically quite
simple to apply Eqs. (61-64) to obtain the twist distribution for an
unswept wing of any planform, which produces a uniform section lift
coefficient, according to Eq. (26). For example, using Cra(0)/C, =
1 for a wing with linear taper in Eqs. (61-64) results in

c(®) _2[1 = (1 —Ry)[cos(B)]

b Ry(1+ Ry) ®
1
H_RA, n=1
w, =10, n even
Cif)%—l;Rﬁn+04W“Wﬁ,n>low
(86)
Q) gy [ b b
c, ~Fe F(Q)_HRACN'Lu{C(”/z) C(G)Sm(e)}
e 4p .
~ 2 D [m”"l]
eS] 2i—1) . .
R {cwc(e)+sin(9)}sm[(2’_1)6] 7
Q 4p
c, HEREO =
s i 1)
;wz, {( ”[cwc(n/z)”‘ 1]+(2z 1)}
(88)

However, this twist distribution is not practical, because maintaining
a uniform section lift coefficient over the entire span of the wing,
from the root to the wingtips, requires too much twist in the region
very close to the wingtips.

It is mathematically possible to use Eqgs. (61-64) to find the twist
distribution for an unswept wing of any conceivable planform, which
will produce any imaginable lift distribution from Eq. (26). This does
not mean that the twist distribution so determined could actually be
implemented on a practical wing. To assure that the wing design is
practical, some constraint must be placed on the wing twist. To
demonstrate how this is accomplished, we turn to the numerical
formulation defined by Eqgs. (76-84).

Defining F; = F(0,), G;; = G(0)), and g;; = g,(0,), Egs. (76),
(77), and (83) are used to create an M by M system of linear
equations. Setting N = M, this gives

M
Fi=> Gyf, 1<j<M (89)
i=1
where
M
Gy=) Wugy (90)
k=1
and
(2k — 1)%, j=1

g = [ 4b 2% —

j 1)
CL,[XC(GJ') + Sln(@ )} ln(()bk]) j> 1
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This linear system can be rearranged as

Z:l’fl Gfi—Fj=- Z?im, Giifin J<m 92)
-yt Gifi+Fi=%", Gifi. j=m
The system of equations obtained from Eq. (92) can be solved for the
case in which the wing twist is specified over part of the wing and the
section lift coefficient is specified over the remainder of the wing. To
avoid excessive twist near the wingtips, we specify the twist over
some wingtip transition region extending from the wingtip at 6 = 0
to some transition point at 6 = 6,, . The section lift coefficient is
specified over the remainder of the wing from 6 = 6,, to the wing
root at 0 = /2.
For example, to specify a section of constant twist from the
wingtip to 6,, , one would use

F,=F,

= Fou,s Jj<m 93)
Using Eq. (93) in Eq. (92) provides a linear system of M equations in
M unknowns. These unknowns are the values of the lift-dependent
function f; over the tip region (1 < i < m, — 1) and the values of the
twist-dependent function F; over the remainder of the wing
(m, <i < M). Once all M of the F; values are known from the
solution to Eqgs. (92) and (93), the required twist distribution for the
wing can be determined from Eqs. (61) and (64).

Any twist distribution could be used for the tip region in place of
Eq. (93). All that is required is that the values of F; throughout the tip
region must be specified in terms of the remaining unknowns. To
specify linear twist from the wingtip to 6,, , we apply the definition of
0 from Eq. (3), which results in

_ COS(9171,+1) - COS(Gj)
= c05(B,+1) — cos(fy,)
cos(6;) — cos(0,,)

+1
COS(Qm,+l) - COS(QW,) e

J

m;

j<my (94)

Similarly, a parabolic twist distribution with zero slope at the wingtip
can be specified for the tip region by using
F;=1+C)F,, —CF, j<m, (95)

where

_ [2—cos(8;) — cos(B,,)][cos(0;) — cos(B,,,)]
7T 2= cos(9,,)]lcos(6,,,) — cos(B,,,1.1)]

(96)

The exact form of the twist distribution used for the wingtip region
is not critical and can be chosen on the basis of what is mechanically
achievable. For example, Fig. 14 shows the twist distributions for a
tapered wing that are obtained from Eq. (92) using the twist specified
by Eqgs. (93-95) over a wingtip region defined to be the outboard 5%
of the wingspan. Over the remaining 90% of the span, the twist is that
required to produce a constant section lift coefficient of 1.6. For
comparison, Fig. 14 also shows the twist distribution required to
minimize the induced drag at the wing lift coefficient that results in a
maximum section lift coefficient of 1.6. Although the twist
distributions produced from Eqgs. (93-95) differ substantially in the
wingtip region, the lift coefficient distributions obtained from these
three twist distributions are very similar. Figure 15 shows the lift
coefficient distributions obtained using Eqs. (93-95) compared with
the lift coefficient distributions for an untwisted wing and a wing with
the twist distribution required to minimize induced drag. In all cases,
the angle of attack was set to give a maximum airfoil section lift
coefficient of 1.6. The total wing lift coefficients obtained using
Eqgs. (93-95) are 1.577, 1.584, and 1.583, respectively, whereas that
obtained with no twist is 1.509 and that obtained with the twist
required to minimize induced drag is 1.451.

IR o o e L ey L R R
r R,=8.0,R;=0.5 g
10 -
5 ;
o0 L
)
=
Z 0 minimum drag
3 [
: [ maximum lift with constant tip twist
< .5
E [ maximum lift with parabolic tip twist
-10} maximum lift with linear tip twist
Lo b b by b vn el
0.0 0.1 0.2 0.3 0.4 0.5

z/b
Fig. 14 Wing twist distributions for approximating maximum lift, as
obtained from Eq. (92) using the wingtip twist distributions specified by
Eqgs. (93-95) over a wingtip region defined to be the outboard 5% of the
wingspan.
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Fig. 15 Section lift coefficient distributions for approximating
maximum lift, as obtained from Eq. (92) using the wingtip twist
distributions specified by Egs. (93-95) over a wingtip region defined to be
the outboard 5% of the wingspan.

Although the exact form of the twist distribution used for the
wingtip region does not greatly affect the net wing lift coefficient that
is attained for a given maximum section lift coefficient, the fraction
of the total semispan that is included in the wingtip region has a
greater effect. As the transition point ¢, is moved inboard, the
magnitude of the twist required at the wingtips is reduced, but the
wing lift coefficient that is attained for a given maximum section lift
coefficient is also reduced. For example, Fig. 16 shows how the total
wing lift coefficient (solid lines) and the total amount of twist
required at the wingtips (dashed lines) varies with the position of the
wingtip transition point for the same wing planform and maximum
section lift coefficient as those used for Figs. 14 and 15.

From Fig. 16, it can be seen that, as the wingtip transition region is
reduced in size to increase the fraction of the wingspan that carries a
constant section lift coefficient, the magnitude of the twist required in
the wingtip region increases. As the size of the wingtip transition
region is reduced below about 5% of the wingspan, the required
wingtip twist increases very rapidly and becomes larger than that
which could be implemented in a practical wing design. Thus, a
wingtip transition region comprising about 5% of the wingspan
appears to be a good compromise between maximizing the wing lift
coefficient and minimizing the required wingtip twist.

Conclusions

Results presented here allow one to estimate the maximum wing
lift coefficient from known wing geometry and airfoil section
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Fig. 16 Variation in wing lift coefficient (solid lines) and wingtip twist
(dashed lines) with position of wingtip transition point, as obtained from
Eq. (92) using the wingtip twist distributions specified by Egs. (93-95).

properties. For unswept wings with linear taper and no twist, the ratio
of the wing lift coefficient to the maximum airfoil section lift
coefficient at the onset of wing stall can be obtained from Fig. 3. This
result can be adjusted to estimate the maximum wing lift coefficient
for wings with twist and/or sweep by applying Eq. (51). The twist
factor in Eq. (51) can be obtained from Figs. 5 and 6, or 7. The sweep
factor is evaluated from Eq. (50) using the sweep coefficients
obtained from Figs. 9 and 10. The stall factor can be approximated
from Eq. (52).

Values for the stall factor estimated from Eq. (52) should be used
with caution, because this relation was obtained in [41] by correlating
results obtained from CFD computations at a single Reynolds
number of 3.0 x 10°. Although the CFD results presented in [41]
were shown to be grid-resolved and in good agreement with limited
experimental data, additional experimental results are needed to fully
validate Eq. (52). There are two primary concerns with this
correlation. First, CFD computations are not known for being
particularly accurate in the region of stall. Second, maximum lift
coefficients are known to be a function of Reynolds number.
Nevertheless, Eq. (52) was obtained by using CFD computations to
evaluate the ratio of 3-D maximum wing lift coefficients to the
corresponding 2-D maximum airfoil section lift coefficient. Because
small errors in the CFD computations and Reynolds number
dependencies should affect the 2-D and 3-D results in a similar
manner, these factors should not greatly affect the ratio C;,_ /C; .
Furthermore, results presented in [41] show that the correction
obtained by using the stall factor predicted from Eq. (52) is less than
10%. Thus, a reasonable first approximation for the maximum wing
lift coefficient could be obtained from the results presented here, by
neglecting the stall factor completely (i.e., using k; ; = 1.0).

In addition to predicting the section lift coefficient distribution for
a wing of known planform with a known twist distribution, the
lifting-line solution presented here can be used to predict the twist
distribution for a wing of any planform, which will produce any
desired section lift coefficient distribution along the span of the wing.
It was shown that this solution can be used to predict the twist
distribution required to minimize induced drag. A method was also
presented here that uses this lifting-line solution to predict the twist
distribution that maximizes the wing lift coefficient for a given
maximum airfoil section lift coefficient, while keeping the total
amount of required twist at a practical level.

For the maximum lift computations presented here, it was
assumed that the maximum attainable airfoil section lift coefficient is
constant across the span of the wing. In this case, the maximum wing
lift coefficient is achieved with the twist distribution that produces a
uniform section lift coefficient across the wingspan. However, the
method described here for maximizing the wing lift coefficient with
wing twist is not limited to this special case. When trailing-edge flaps
are deflected or the wing has some other type of aerodynamic twist,
the maximum attainable airfoil section lift coefficient may vary with

the spanwise coordinate. Because the present method can be used to
solve for the twist distribution that will produce any desired section
lift coefficient distribution, the technique can be used to predict the
twist distribution that will maximize the wing lift coefficient for any
wing geometry.

We have seen here that the twist distribution required to minimize
induced drag is typically quite different from that required to
maximize the wing lift coefficient. Furthermore, the amount of twist
needed to minimize induced drag varies with the wing lift coefficient.
Thus, wing twist can be optimized only for a single design operating
condition when only fixed twist is employed. On the other hand, if
variable twist is implemented using an active feedback control
system, wing twist can be varied with operating conditions to
maintain minimum induced drag in cruise configuration over a wide
range of altitude, gross weight, and airspeed. Furthermore, during
takeoff and landing, this same variable-twist control system could be
used to maximize the wing lift coefficient, providing lower airspeeds
for shorter takeoff/landing distances and greater safety.
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